Application of integrals (examples)

1. Calculate the area of the figure limited with curve y = —x” +2x and line y = 0.

Solution:

In these tasks we must first draw the picture and find the point of intersection because they give us borders of

integral.
1) y=-x"+2x —» —x’+2x=0 — x=0 and x=2
i1) y'=2x+2, y'=0 for 2x+2=0 —> x=1—> y=-1%42 =1, the point (1,1) is maximum.

y=-x+2x

We need to find this area, and it is clear that the limits of integrals go from 0 to 2, so:

2 3 2 3
X x* |2 2 0 8 4
A= (x> +2X)dx = (——+2")| =[(-= +2})-(=+0)]=——=+4=—
! 3 2700 3 3 3 3

2. Calculate the area of the figure, which is limited with lines: y=2x>+1 and y=x’+10

Solution:
Points of intersection of the two curves, we get as the solution of system equations( that will give us the border

of integral):

y=2x>+1
y=x>+10



2x* +1=x>+10
x*=9 So integral "goes' from -3 to 3

x =13

Next examine a few “things” to draw graphics:

y=2x>+1 y=x>+10
2x* +1=0 x*+10=0
X :_% x?=-10
y:2x2+1 y:x2+10
y =4x y'=2x
4x=0 2x=0
x=0 x=0
y=1 y=10
(0,1) is minimum (0,10) is minimum

Yy

19 y=x>+10
y=2xz+l
4 X

A= j[(x2 +10) = (2x> +1)]dx

Important: Since the graph is symmetrical in relation to the y-line, it is easier for us to calculate

the area from 0 to 3 and to multiply that with 2 ...



h 2 2 h 2 x’ 3
Azzj[(x +10) - (2x +1)]dx=2j(—x +O)x = 2(=—-+9x)  =2*18=36
0 0

3. Determine the area limited with y> +y+x =6 and y — line.

Solution:

In this task is smarter to express X, and to calculate the required area "by y"...

Y +y+x=6
) 5 1£5
xX=—y " —y+6 - -y —y+6=0 —» y1,2=_—2 — > y1=-3, y2=2
. . . 1 1
X =-2y-1; So: x’=0 for -2y-1=0 thenis y= 3 and X=6Z

Point (6% , —%)is maximum when we think "by y"

Ay

2 3 2 2 125
-3 3 2 3 6



4. Calculate the area of the figure, which is limited with lines y=¢" , y=¢™* and x=2

Solution:

Here we have a graphics of basic functions. If you are not familiar with them, create a table of

values...( choose values for x and then find y).

<y

x=2

2

2
A= J.(ex —e V)dx =(e* +e_x)0 =(*+e?)—(e"+e’)=e*+e* -2

0

5. Calculate volume of body which make parable y=4x—x> when she rotates around x — line.

Solution:

y=4x-x’

4x—x"=0 ——» x(4-x)=0=>x=0vx=4

y =42x —» 42x=0 —» x=2—">y=4

Ay

y=4x-x’

\

Borders are 0 and 4



V= ﬂjyzdx

4 4
V= ﬂj(4x—x2)2dx=ﬁj(l6x2 —8x” +x*)dx
0 0

3 4 5 4
716 -8+ X
3 "4 50

169 202564 236, 512 _ 5127
3 5 15 15

5127
15

Volume is

6. Find volume of body which caused circle x* +(y —b)* = r* rotating around x —line (b>r)

Solution:

From the analytical geometry we know that the equation of circleis (x — p)* +(y—¢)* = r* where are p and q
center coordinates, and r- radius of circle.

x> +(y-b)Y>=r> — > p=0 and q=b,so:

YA

\ e

x> +(y—b)> =r> here we have to expres y

(y=b)* =r* =¥’

bt o)

y=b+4/(r* —x*) Here we get two circles: the upper y =b++/(#r> —x*) and lower y =b—+/(r> —x%)



y=b+\/r2 -x’

y=b-r’-x’

\ Lo

Rotation of this circle will give us the body, which is known as TORUS.

YA

\ ko

b
V= 7| (] - y])dx

Find first value yl2 - yzz

V= pi= (b =x?)) - (b= = x"))
= (B4 20V =X 1) - (07 =26Vt - X )
=0 420’ — x> 412 - B2 426 — X7 =
= 4br X

It is clear that boundaries are —r and r



First, we will solve integral:

j\/rz —x’dx =

x =rsint
dx = rcostdt

= J-w/(r2 —r?sin’® t)rcostdt

= .[\/Wr costdt
=J-’”mr costdt

we know that 1 — sin’t = cos’t
= .[rz cost cos tdt

= Irz cos? tdt

1+cos2t . then 1 will ,also as a

b

r* is constant and will go in front of integral and we will use formula: cos® ¢ =

constant , go in front of integral...So:

2
r
> I (1+cos2t)dt

r? 1
— (¢t +—sin 2¢
2 ( 2 )

What happens to the borders of this integral?

X =rsint ) ) . T
Replacement was : , for x=-r 1S -r=rsint, then sint=-1 t=——
dx = rcostdt > 2
for x=r IS r=rsint, sint=1 —> t=3
. V3 Vs
New boundaries are —— and —
2 2
Let's go back to the integral:
T

b ) il

r 1 .
V= 7z.[(yl2 —y3)dx= 7z4b7 (t+551n2t) _2”
2

1 4 7 1 s
= 2 br? £+—sin2— —(—=+—=sin(—2—
[(22 2)(22 ( 2))]
= 2mbrinm
=2br’n?

So, after much effort, the finally solution is V = 2br’z’



7. Calculate the length of the curve y= Inx from point x =3 to point x= V8

Solution:

Here we do not need a picture!

b
Formula for calculating the length of the curve is: L=J‘w/1 + f(x)*dx, if we doing “by x”

y=Inx
y‘=l So:
X
b 8 8 V8 | 2 V8 [ 2
.[ 1+f‘(x)2dx='|-‘/1+(l)2dx='|. 1+L2 dx=J- al jl dx=j al +1dx=replacement=
a I3 X J3 X 3 X J3 X
xP+1=¢"
2xdx = 2tdt x=3=1=2
~ | xdx=tdt > | 8= r=3
tdt
dx =—
X
3 3.2
= itit:jt czz’t: from the replacement is x*=t"—1 so:
"X X 5 X
302
= .[ tz dtl [+1 and -1 as a “trick”]
t —
2

3 2 3 _ 3 _ _
=jt2$dz= fa+ 21 )dt=t+1n1/t—1 =(3+1n‘/ﬂ)-(2+1n‘/2)=
S -1 > =1 t+1]2 3+1 2+1
=1+ lni
V2

Solutionis: L=1+,/In—



8. Find area of body which make parable y2 =4x rotating around x - line on a segment [0,3]

Solution:

\/

Formula for calculating this area is:

A=2rm If(x)\/1+f‘(x)2dx, by x x€|a,b]

Here are boundaries 0 and 3 ,obviously.

Lol

2x  Wx

= | =

y2=4x from here is y:2\/; —> =2

A=27rJ-f(x)q/1+f‘(x)2dx=27z.[2\/;1/1+l dx
0 X
=27z_([2\/; f/%_ldx

3
=4r I Vx+1dx replacement
0

x+1=1¢*
dx = 2tdt

3
[2ar = 2% _ %w/(x 11y
3
=47z§w/(x +1)°

0

8 56rx
=—@8-1)=——
3( ) 3

Solutionis: A = 56—”



9. Cycloid C is defined with parametric equations: x = a(¢—sin¢)
Calculate:

a) area limited with one arch of cycloid
b) length of one arch

and

y=a(l—-cost)

¢) volume of body which caused one arch rotating around x — line

Solution:

A

\

0 2an dan

a) The first arch of cycloid is on interval [0, 2ar |
A

P N

0 2an

b
A= J. ydx

y=0=a(l-cost)=0 t=0
v=2ar = a(l-cost)=2ar t=2r

x=a(t—sint) » dx=a(l—-cost)dt

|

b 2z 2
A=J.ydx = J.a(l —cost)a(l—cost)dt =a’ j(l —cost)’dt
a 0

0

I(l—COSf)zdt = j(l—Zcochos2 t)dt =Ildt—2jcostdt+I—I+C2()S2tdt

= t—2sint+l(t+lsin2t)
2 2



= t—2sint+lt+%sin2t

=%t—25int+lsin2t

2 2
A=a’|(1-cost)’dt=a’ 3t—25int+lsin2t) " =3a’r7
2 4 0
0

So: A=3a’r

b)

\4

2amn

B
L= j x2(0)+ 2 ()dt

x=a(t—sint)—» x=a(l—cost)
y=a(l—cost) » V=asint

x?+y?=[a(l-cost)]* +[asint]* = a’(1-2cost+cos’t)+a’sin’ ¢
=a’(1-2cost +cos’ t +sin’ t)
= a*(2-2cost)
=2a’(1-cost)
=2a"2sin’ —

. t
=4q° sin* —

2z ¢ 272_
.[qlx () + (1) dt—.[ 4a’ sin’ dt—.[2asm—dt—2aJ.sm—dt——4acosE 0 = 8a
0

L=28a




\ 4

arm

2z 2z
V= njyzdx= ﬂ.[[a(l—cost)]za(l—cost)dt
0 0
2z
=7rja3(l —cost)’dt
0
2z

=a37z.[(l—cost)3dt here we must use (a-b)’
0

2z
=a3ﬂj(1 —3cost+3cos’ t —cos’ t)dt
0

ICOSthIl+COS2t

lI(l + cos2t)dt = l(t +lsin 2t) = lt +lsin 2t
2 2 2 2 2 4

sint =z

J‘cos3 tdt = j‘costcos2 tdt = jcost(l —sin’¢) = jcostdt —~ Icostsinztdt =
costdt = dz

:sint—jzzdz =

. z2 sin’ ¢
s1nt—? =sinf—

27

.3
s/ o = simplify..= a7’

3

)]

V= a’z{t-3sint +3( %t+%sin2t )-(sint —

V=5a’7?




